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1 Introduction

Engineering practice abounds in the use of
functions whose values (or approximations to
them) are known only from the output of com-
puter programs. On occasion, they defy descrip-
tion in conventional symbolic notation. Thus en-
gineers may come to conceive of functions in quite
abstract terms while manipulating them in terms
of very concrete computer tabulations. Some re-
formers in mathematics education have responded
by introducing calculus through differential equa-
tions [1] presenting solutions with function values
obtained, in the first instance, from Euler Method
approximations. However, this sort of approach
seems not to have made much impact on introduc-
tions to integration either in standard or reform
texts. This, we will argue, is to the detriment of
both engineering and mathematical education.

Clinging to the well-trodden path of defin-
ing the definite integral and then showing that it
can be evaluated from the increment in an anti-
derivative perpetuates students’ impressions that
integration is all about finding algebraic formulae
for anti-derivatives. It misses the opportunity af-
forded by computer technology to present func-
tions realistically as defined by procedures and
with values obtainable possibly only by computer
programs. This article attempts to demonstrate
how to take full advantage of this opportunity
by adopting a discrete (computational) approach
such as the sample calculus [4] to the introduction
of integration.

2 Preconceived Ideas

The Fundamental Theorem of Calculus (FTC)

/ " Py di = f() - f(a)

for suitable f, is hardly ever presented in the above
form but almost invariably with the = replaced by
a constant b. Why? The answer lies not only in
the fact that the integral has probably only been
defined as a definite integral but also in the knowl-
edge that a variable limit of integration causes
major problems for students. Many elementary
texts completely avoid the form of the FTC which
deals with the derivative of the integral for this
same reason. But to discard one half of the Fun-

damental Theorem seems like a rather startling
admission of defeat.

Parrott [2] reports disappointing results for
student understanding of the FTC despite teach-
ing integration before differentiation but retains
his conviction that the reversed order of presenta-
tion should improve the situation. His program,
however, follows the common practice of defining
integration in terms of the definite integral and
his use of the term indefinite integral is as a syn-
onym for anti-derivative. If a student’s idea of
integration is one of computing a definite integral
(ée. a single number) then it makes little sense
to talk about integration and differentiation as in-
verse operations. Unless the indefinite integral is
seen as a function obtained by integration, one
cannot, expect something different from a change
in the order of presentation of topics.

The step from calculating a definite integral
to tabulating the function’s values is seldom given
much attention in texts and relegated to the realm
of numerical analysis. Students (and instructors)
are often under the impression that this will in-
volve a separate application of, say, Simpson’s
Rule for every tabulation point, which suggests
that they are not viewing integration as accumu-
lation at all. Numerical integrations are seen as
final outputs rather than working values such as a
formula would give.

“Functions defined by integrals” are notorious
for their ability to confuse students. Besides the
FTC there are other manifestations of the avoid-
ance of this topic by instructors.

The integration by parts formula seldom ap-
pears with a variable upper limit and integration
techniques for simple differential equations will
seldom use integrals with initial values as lower
limits and variable upper limits, even though this
is very desirable when an anti-derivative in closed
form cannot be found, as for example with:

y' = cosa?, y(l)=1, y'(1) =2
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Of course such functions are not common in texts
which are reluctant to assume that students will
have the appropriate computing power at hand.
Improper integrals are almost universally pre-
sented as integrals that either do or do not exist:

y(z) -1
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few (if any) texts suggest that the discussion is
about the limit of a function (defined by an inte-
gral) as the variable approaches a possibly singular
point of the function.

The differentiation of integrals with vari-
able upper and lower limits seems to have been
dropped entirely from many advanced calculus
courses.

The study of infinite series is presented as a
topic unrelated to integration. Students see rela-
tively few graphs, often confuse the terms of the
series and its partial sums and are surprised by
the integral test.

Surely the “function defined by an integral”
is the very essence of a study of integration that
leads to the Fundamental Theorem. If students
have trouble with “functions defined by integrals”
then our teaching strategies have gone spectacu-
larly wrong.

3 Breaking out of the mould

Some situations are so familiar to both teach-
ers and students that established modes of ex-
pression and associated misconceptions tend to be
carried along with them. The teaching of calcu-
lus with its idiosyncratic notation, breaking nearly
every accepted convention, is surely susceptible to
this sort of problem. Breaking out of the mould by
using a numerical computer-based approach and
applying it to non-standard problems may help in
avoiding these traps and in addition allow some
algebraically intractable, but theoretically simple,
concepts to be introduced effectively. The most
obvious example is the apparently symbiotic rela-
tionship between integral and area and the con-
cept of arc length.

The concept of distance is simpler than that of
area. The distance traveled along a curve to get
to any point is easier to grasp than the cumulative
area “under” the graph of a function to any point.
Yet virtually all introductions to integration be-
gin with areas under curves. The reasons for this
are clear to any instructor: distance computations
involve square roots, the calculus formulae for arc-
lengths involve some tricky manipulations of limits
and the integrals obtained can seldom be evalu-
ated in closed form. The analytical skill required
to deal with arc length and line integrals relegates
these topics to advanced calculus. A side effect of
the introduction of integration via area is that it
must be the area “under” a curve rather than the
area of a region (enclosed by a curve). Together
with the demands for algebraic skill this in turn
relegates parametric representations of curves to
advanced calculus — a most unnatural order of pre-
sentation.

However, numerical approximations do not re-
quire high order algebraic and analytic skills and
can be handled with ease, provided of course that

we regard the computation of function values by
computer programs as a normal and acceptable
representation of a function. The interpretation
of an integral as an area can then come as a sec-
ondary application rather than as the central con-
cept in the definition of integration.

4 Representing variables by lists

The simplicity of the integral as an accumu-
lating sum can be re-captured in a computing en-
vironment through the use of lists to represent
variables. Every computer generated graph is the
picture of the list of pairs (z,y) where z is an
ordered sample of values from the domain of the
graphing window and y the corresponding list of
related values. However, this representation, uni-
versal for the purposes of graphing, is seldom ex-
ploited further and indeed meets with some resis-
tance. Strictly speaking, of course, such a sam-
ple of function values at rational points is a very
incomplete description of a function. It is, after
all, only a sample from a set of measure zero and
leaves open the possibility of a variety of patho-
logical behaviours — but that’s never stopped any-
one using the graphing packages of Mathematica
or Maple as far as I can tell and it certainly should
not stop the use of finite ordered samples in the
description and manipulation of functions at an
introductory level.

5 Cumulative Sums

Starting with a sample of ¢ values from a given
domain and a continuous function f, we know
from the Intermediate Value Theorem for inte-
grals, that the precise value of the integral at every
tabulation point is given by

S(A(f(t)) x d(t)), or simply S f dt

where function A returns the average value of f(t)
over every sub-interval between tabulation points.
Here we have used Leibniz’s original meanings for
S, the cumulative sum of a list (starting from
0), and d, the difference between successive en-
tries in a list [3]. This limit free formula can serve
as a definition of an integral if we are prepared
to postpone the discussion of limits until students
have developed some concrete experience with the
functions we wish to define precisely. Normally
one might expect the unknown function A to be a
stumbling block, but it is easy to construct and ap-
ply functions that might give reasonable approx-
imations to A(f(t)). Indeed, to be able to cope
with functions like A, abstractly defined and con-
cretely approximated, is the goal we would like to
see students achieve.

Integral approximations are obtained by using
different functions for the unknown A. If in place
of A we use the left hand values (curtailing the
list of values f(t) by dropping the last one) then
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we have a left hand Rieman approximation to the
integral. If we drop off the first value from the list
of f(t) values, we have the right hand Riemann
sum. If we take the larger of every successive pair
of function values we will get an upper bound on
the integral and if we take the smaller of each suc-
cessive pair of values we will get a lower bound at
every tabulation point. If we take the arithmetic
mean of successive pairs of values we will get the
linear trapezoidal approximation and if we take,
when it’s available, the value of the function at the
midpoint of each interval we will get the midpoint
approximation. If, for a uniform sub-division of
the domain, we take the weighted average of the
sum of successive values and four times the value
at the midpoint, then we get Simpson’s parabolic
approximation to the integral at every tabulation
point, and so on.

The essential point is that the function S re-
turns a list of values (the partial sums of a series)
and that these are the approximate function val-
ues for the integral at all the original tabulation
points. The function values can be plotted and it
can be seen that if a different starting point for
the tabulation is taken then the resulting graph
differs from the previous one by a constant value.

The discussion of limits (and singular points)
is prompted by attempts to answer the question
of just what is an adequate sample for a faithful
representation, but this is not the most interest-
ing point for students who want to do things with
their new toy rather than discuss how it’s going to
break down. We can, and should, do a lot more
to establish familiarity with the nature of integral
functions before discussing these finer points.

The integral function, even when its values are
known only from a tabulation, can be manipulated
in arithmetic combinations with other functions,
whether obtained by a similar method or from for-
mulae. Using an approximation that relies only on
tabulated values, like the (cumulative) trapezoidal
rule, the function can be integrated and its differ-
ence quotients can be used to tabulate its deriva-
tive at some unknown intermediate points (by the
Mean Value Theorem).

It is interesting to note that there is no univer-
sally accepted symbol for the cumulative, or par-
tial, sum of a series. Array processing computer
languages find such a function indispensable. Pre-
computer teaching of integration assumed that the
computations described above were impractica-
ble and that progress could only come with anti-
differentiation techniques. Somewhere in the eu-
phoric use of the Fundamental Theorem following
on the discovery of the calculus, Leibniz’s symbol,
S, for the function returning a sequence of partial
sums of a series was lost, re-interpreted as a sym-
bol for anti-differentiation, and, adorned with the
ear-rings and anklets of upper and lower limits,
came to denote a definite integral.

6 Arc lengths

Applications of integration to discrete data
give a host of real-life examples to work with. A
natural step towards integration of a continuous
function is in the calculation of the distance along
a curve.

Given tabulation points (z,y) on a curve (ad-
equate to ensure that the curve is approximately
linear between points) the list, s, of arc lengths
from the first of these points to every other is given
by the “integral”

s = S(V/(dz)* + (dy)?)
where dxr = d(z) ord x and dy = d(y) or d y.
There is no conventional formula for this compu-
tation. Texts invariably convert to

s:S( 1+(%)2da:>

so that algebraic techniques can be employed with
carefully constructed examples, but the treatment
of the limit processes involved to get

s:/am\/1+(y’)2 dt

is often brushed over, so that the transformation
raises more problems than it solves.

How z, y (or any variable depending on lo-
cation on the curve) vary with s can be plotted
despite the fact that there may be no closed form
representation.

An immediate application of the arc-length al-
gorithm is to the computation of the radian mea-
sure for the angle of the radial line at point (z,y)
on a circle, and incidentally approximations to 7,
from

x = sample(l,-1); y=+1-—22

s =S(V(dz)* + (dy)?)

Plotting = and y against s we see approximations

to the cosine and sine functions. Other trigono-

metric and inverse trigonometric functions can be

graphed by appropriate selections of variables.
The function obtained by computing

S(A(y) xd x or simply Sydux

for (z,y) on a simple curve has an interesting in-
terpretation as area. If the curve is closed then
the integral is the area enclosed by the curve, but
if it is not, then it is easy to see that

(Sy d ) + (ST d y) = [zy];

This is the formula for integration by parts.
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Integration by Parts

If a relationship between position on the curve
and some parameter, ¢, is known, each of (z,y) be-
ing given as a function of ¢, then the rate at which
the curve is traversed can be easily computed from
%. If the speed of the particle is known at every
point then the corresponding parameter value is
obtainable from ¢t = S(ds/v) from which we could
plot s as a function of ¢ if desired ...and so on.

The fact that

d(Sy d z)

dx Y

is immediately obvious as is
S(44) da=y-u

Every concept and operation in calculus that re-
lies on beginning with increments and then pro-
ceeding to limits can be illustrated with this sort
of sample calculus. The main benefit being that
students are manipulating related lists of numbers
(presentable as graphs if desired) as their represen-
tations of functions when algebraic formulae are
not available.

7 Linear Approximations

Over recent years it has become fashionable
to suggest that various topics such as L’Hopital’s
Rule and related rates might well be dropped from
the first year syllabus. After the zeroth order ap-
proximation to functions by piece-wise constant
functions (such as drawn by graphing packages),
the next step is piece-wise linear approximation.
Here chord slopes, trapezoidal approximations to
integrals, Newton’s and secant methods for find-
ing zeros, I’Hopital’s rule for determining orders
of magnitude, Euler’s method for solving differ-
ential equations and piece-wise linear functions
(with split definitions) are all part of the rich set of
applications for this sort of approximation. Suc-
ceeding stages are parabolic and then higher de-
gree approximations and approximations by or-
thogonal functions. As we move from one level
to the next the importance of analytic techniques
naturally asserts itself.

There is no need to be concerned that mathe-
matics students might miss out on a proper math-
ematical training if too much time is spent on tech-
niques that might have been used by Archimedes.
It might well provide them with a far richer base
for appreciating the power of analysis.

8 Conclusions

Students inability to appreciate the Funda-
mental Theorem of Calculus, especially in the
form that involves a function defined by an in-
tegral, is not only a problem for mathematics ed-
ucation but indicates that a fundamental aspect
of the mathematical education of engineers is not
being addressed adequately.

Using the term indefinite integral to refer to
an integral for which the initial point for accumu-
lation may be arbitrarily chosen rather than using
it as a synonym for anti-derivative and comput-
ing approximate function values for such integrals
as the partial sums in an accumulation may as-
sist students in forming the notion of an integral
function.

With a parametric description of curves, and
a list based approach, it is natural and easy to de-
fine line integrals for distance and area providing
a fresh view on the process of integration to that
proffered in secondary school treatments.

Students studying nothing more than elemen-
tary calculus, and many of our prospective engi-
neers now fit into this category, need to under-
stand the concepts of rates of change and accumu-
lation and how the calculus simplifies the compu-
tation of these quantities. They may not need to
know as much about the finer points of calculus as
mathematicians and perhaps should, in any case,
spend more time on the discussion of discrete func-
tions. They do need to understand the concept of
functional dependence and playing with samples
and tabulations is more likely to give them this
understanding than playing with formulae, given
the perceptions of algebraic manipulation created
by current educational practices.
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