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0.1 Describing the motion of a continuum

Here I outline the steps in an an-
swer to Problem 1.4 [R,p10]. Work through the details.

(a) dx-/dt =+t is the velocity of the particle at x" at time t which
=vF(xL, t) by its definition.

(b) From part (a)

o dd— =vE(xL t) = —xt t which is a linear, first-
order, ordinary differential e uation for xL.

e Recall [ , 1. ] that we multiply by an integrating factor
(What is it ) to solve analytically this class of differential

e uations, to find

o xI = t)(t ) is the general solution for some inte-

gration constant

e ut you know that at time t = particles have their ini-
tial position, namely x( , ) = , which determines the
integration constant to be ust =

e husx=( t)(t ).

e hen use this analytic solution to find that the endpoints
of , get carried to the endpoints of

( ) traightforwardly check your answers are

e F=_  tbyrearranging x"
o Vvt = t t by differentiating x"
o L=t by differentiating vt

and then confirm that T F t)=—.

ketch the velocity field, v(x), corresponding to the particle
paths shown in the following picture. ote thatv = ‘31— = /(dt/dx) =
/(slope) and so v(x) at any x is inversely proportional to the slope
at that x.
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his time the velocity field, v(x,t), depends upon time. For
particle paths shown below, sketch the velocity field at times t =
and t =
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onsider the movement of some material in a one-dimensional
continuum. Kketch the velocity field, v(x, t),attimest = andt =
corresponding to the particle paths shown below.
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For the steady (time independent) velocity field shown below,
sketch the acceleration field obtained from the material derivative.

uppose particles of a continuum accelerate at = sin x, use
the material derivative to determine the corresponding steady ve-
locity field v(x) given thatv = at x =

ome particle paths are shown in the following picture



particle paths

5 ‘
45t ]
al ]
35} ]
3 <
- 25}
2} ]
15} ]
1l
05t //
0 2 4
X

6 8 10
iven that the material was of uniform density at time t = , say

(x, ) = , sketch the density of the material at time t = . lso
sketch a graph of the particles velocity versus x at time t =

his problem is a little difficult
but shows how some algebra leads us to deduce that we may treat
car traffic on a road as a material continuum

(a) he probability of having cars in a stretch of road of length
x x, (x x),e uals the probability of cars inlength x
and none in length x, together with the probability of
cars in length x and one car in length x.

e Hence (x x)= (x)( x) (x) x.

e Rearrangeto ——— =

e husas x 94— = is a differential e ua-
tion for

e ubstitute the e pression ={( x) / to show that

it satisfies the differential e uation.
e ne should also show that (x)dx = in order for
to be a proper probability distribution. se induction
on and integration by parts to do so. ( hould any other
property be checked )

(b) educe



() ()= istheprobability of cars fitting on a stretch of
road of length 0

() ()= L is the e ponentially decaying probability of
no cars on a length

) ()= L is the probability of finding ust one car
in a length , it reasonably rises from ero with but
over lengths bigger than / it decays to ero as more
and more cars are likely on long lengths of road.

( ) hee pected number of cars on a length x of road is
(x) = (x) by definition of e pectation

= (x) by value of

( x)
( )

= x by aylor series for

= x rearranging factors

'y similar machinations deduce the variance (x) = ( )
is also ust x.

hus using an averaging length , the average density of cars is

= / = . ince typically has random uctuations of si e

=, this estimate of the density has uctuations of a si e

/ = /] for large . hus averaging works and so cars on
a road may be viewed as a continuum

t some time the density of a material ust happens to be con-
stant in x and the velocity field is as drawn below




se the continuity e uation to identify where the density is in-
creasing in time and where the density is decreasing.

uppose the density at some fi ed station x evolves in time
according to the following picture

an you ustifiably deduce anything from the continuity e uation
about the velocity field v in the neighbourhood of x If so, what

uppose the density and velocity at some time t are such that
the product v is as shown in the following picture

an you ustifiably deduce anything about the evolution of the
density field If so, what

onsider an interval , ofa continuum and investigate the
rate at which material is carried into and out of the interval. up-
pose the velocity and density at the left-hand side is v( ) = t
and ( ) = , while that at the right-hand side is v( ) = ( t)
and ( ) = /( t ). t what net rate is matter being carried
into the interval How much is carried in between times t = and

t =

uppose the density field of a one dimensional continuum is
=e psin(t x) and the velocity field is v = cos(t x). What is



the u of material past x = as a function of time how much
material passes x = in the time interval , /

0.1.1 Answers to selected Exercises

CoS X

0. v=
0.10 o.
0.11 es. he rate of change in density with time has opposite sign to

the slope of v.

0.1 Rate of matter increase is t t/(  t). otalis - log .

0.2 Conservation of material

iven the car u density relation ( )= ( /)
cars per minute where is measured in cars per km,

(a) raw the graph of characteristics for the evolution of a denser
patch of cars for which the initial density is (x) =
cars per km.
(b) Hence graph the predicted solution (x,t)at timest= , ,
and minutes.

First, deduce the wave speed ( )= ()= /
km per minute. hen tabulate the initial density field, the wave
speed (the slope of the characteristics passing through all the
initial points) and thus also the e uation of the characteristic x =

()t
= characteristic | t = t= =
-4 02| 0. 4 |x= t]-. -2. -2.00
- 0. X = t|-2. 4] -1. -1.02
-2 0. 4 |x= t|-1.42 | -0. -0.2
-1 0.2 2 X = t|-0. 4|-04 |-0.21
0 0 X = 0 0
1 0.2 2 X t 1.2 1. 1.
2 0. 4 X = t | 2 1 .
. 0. X = t . 4, 4,
4 02 0. 4 X t | 4. .00




Iso tabulated is the position, x value, of each characteristic at
three later times. t these positions the density is the value of
in the same row. n each of the characteristics, plotted below in a
characteristic diagram, the density is constant, namely the value
it had initially, as tabulated in the legend.
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~ 15} — 31.77
—— 5533
— 75 | |s=(-44)
ir 55.33 | | rho0=25+5 O*e xp(- s.” 2/ 2);
— 3177 c0=1-rho0 /75 ;
05+ — 25,56 | { t=0:3;
— 25.02 x=s*ones( siz e(t) )+c 0*t;
0 — plot(x,t)
-4 2 4 6 legend(nu ma2str (r ho0))

hen at any time t compute from the e uation for each character-

istic given above, the value of x where you will find the density

( ). Plotting these points gives the following curves for the den-
sity (x,t) at each time t.
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bserve how, over time, the density steepens at the back of a
bunch of cars, and lessens at the front.
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ssumethe u ()= ( /) /  )cars per minute
where the density is in cars per km.

(a) uniform stream of cars is travelling at Okm hr. ppro i-
mately what density is the car traffic t location x = |, say,
a group of cars leave the road to view the scenery, fill up with
petrol, etc. ecause they leave, the car traffic density is de-
creased locally at what speed does the patch of low density
travel in the car traffic

(b) Repeat the above for the case when the cars travel at 20 km hr
(because they are at a higher density).

(a) how that a constant (x,t) = is an e uilibrium solu-
tion (a fi ed point) of

t X
rgue that uctuations to about , say (x,t), then
obey the differential e uation — = — (appro imately).

(b) Repeat the above for the differential e uation

T %

he initial value problem — — = suchthat (x, )= (x)
has solution = ( ) on characteristics x = ( )t. Regard
X = ( )t as an implicit e uation for the function (x,t), then
differentiate it to find implicit formula for — and —. Hence show
that = (x,t) does indeed satisfy the governing differential

e uation — — =

In Figure 1 is drawn the wave speed ( ) as a function of
density for car traffic along some road. ketch the corresponding
car u -density relation ( ). stimate the value of the density
corresponding to the ma imum u of cars.

Iso shown in Figure 1 is a plot of some initial car density field
(x). raw, with a little care, in the tx-plane characteristic curves
for the subse uent evolution of car traffic draw enough so that you
then can draw a predicted density field (x,t)attime t = minute.
ppro imately where and when do you estimate a traffic shock
will form  ive reasons.
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0.2.1 Answers to selected Exercises

0.1 (a) = cars perkm and = km per hour (b) =
cars per km and = cars per km.
Prob. 1.1 (a) = | )where = L (b) =-—— (
)/
Prob. 1. (a) Plot x = /( t) (b v = /( t) and ' =

/( t) (c)vF = x  (d) determine vF/ t= x.
Prob. 1. helabel is constant for each particle.

Prob. . (a) — = / ()t and — = ()/ ()t (b)
shock

Prob. . (a) ecausetheradioactive material is conserved. (b) char-
acteristicsarex=( t)( t) (c)followsfrom =x/( t) t
(d) characteristics stay the same, but there is decay along each
characteristic.
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0.3 Balance of momentum

onsider a body e tending over some range of x which is ini-
tially at rest and then is accelerated into motion by the gravita-

tional body force = . howthat v =t (independent of x)
satisfies the momentum e uation and e plain why this describes
a body falling freely.

material moves according to the velocity field v = —
t and has a constant density field . How much momentum is

in the interval , of the material s a function of time t, what
is the rate at which momentum enters the interval , through
being carried across the ends x = and x =

material body has no applied body force, = , but has

an internal pattern of stress (x) shown below. ketch the resul-
tant material acceleration. For simplicity assume the body has
constant density in x at this particular time.

b
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In outline [R,p 2].
(a) he continuity e uation — —( v) = when is constant
reduces to ust — = , which implies v may not depend upon
x and hence only depends upon t.
(b) With stress = , = v and v independent of x, the

momentum e uation ( .2) reduces to
* — = v — which, since the right-hand side is in-
dependent of x, is integrated to
* = v — X for some integration constant
independent of x,

e and thus observe the pressure is linear in x.

( ) ubstituting x = determines = (t). ubstituting x =
then determines the given differential e uation for v(t).



(d) he differential e uation is a linear, first order differential
e uation and so may be solved by multiplying by the inte-
grating factor . reating —— as a constant, obtain the
solution

L
Vv =

Interpret the solution to see that the owe ponentially uickly
approaches the steady, long-term ow-rate of ( [ /()
representing a balance between driving pressure drop, 1 ,
and total viscous drag,

In outline [R,p ], fill in the de-
tails.

(a) Reproduce the argument on [R,pp24 ] for velocity v instead
of , and for vinstead of ( ).

(b) raw a characteristic diagram for X and t as
in Figure 2.

e haracteristics emanating from the x-a is (x ) have
slope (= ) as the velocity v = on them all from the
initial state. For e ample, the characteristic emanating
from (x,t)=( , )istheline x = t, and on this line we

know that v =

e haracteristics emanating from the t-a is (t ) have
differing slopes of v for the prescribed v. For e ample,
the characteristic emanating from (x,t) = ( , / ) is the
line x = — (t / ),and on thislinev= /

y looking at the value of v on each characteristic at each of
the two timest = andt = ,draw the solution curves for the
velocity v as seen in Figure . vidently from the intersection
of the characteristics the first shock needs to form at some
time between roughly t = and t =

For an ideal gas with = the continuity and momen-
tum e uations are

— (V) = and — —
t X t X X
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Figure 2 characteristic diagram for a fan blowing air into a long pipe.

t=2
0.2

0.1 b

0 0.5 1 15 2 25 3 3.5 4 4.5

0.2

0.1 b

0 0.5 1 15 2 25 3 3.5 4 4.5

Figure velocity field predicted at two times by the characteristic so-
lution. ote the multi-valued solution indicating the need for shocks .



inearise about the fi ed pointv= and = and then combine
the linearised e uations to deduce that sound, density-velocity
uctuations, obey the wave e uation

0.3.1 Answers to selected Exercises

0. 0 — t ) t -
Prob. .1 (a) = ) d = ( x)
Prob. . — —— = —

Prob. 4 (a) = - x/ (b) — v/ — =



